Introduction
A ubiquitous concept in statistical mechanics is the modeling of a gas by solid spherical particles colliding elastically in a box. This model is the first that most students encounter when they study statistical mechanics, and it explains clearly how thermodynamic properties (pressure, temperature, entropy, and many others) emerge as a result of molecular motions. The value of this model, aside from the validity of its analytical predictions, resides in its physically intuitive nature: it is built on basic concepts such as solid spherical particles and walls with precisely defined positions and velocities, perfectly elastic collisions, and so on.
It would be interesting to build a physical macroscopic model of a classical gas, even if only as a tool to teach statistical mechanics, but such a model is not (rigorously) possible because macroscopic systems are dissipative. In order to maintain motion in a macroscopic system, one needs to supply energy to the system, and driven systems are not in thermodynamic equilibrium.
External driving is a technique often used in the field of granular physics, which studies mechanical ensembles of moving macroscopic particles whose intrinsic thermal motion is too small to be observed. 1 In most cases, mechanically agitated systems of macroscopic particles do not exhibit thermodynamic equilibrium properties, such as a Maxwell-Boltzmann distribution of particle velocities. [2] [3] It is nevertheless possible, though not trivial, to build physical systems of macroscopic particles whose motions mimic accurately the thermal agitation in a molecular gas. Examples of these systems are still rare, [4] [5] and pose interesting questions: can characteristics of equilibrium thermodynamic behavior be observed in a dissipative driven system? Do non-equilibrium systems that obey the laws of thermodynamics exist-and why?
Here we report a model macroscopic system (made from polymer beads shaken on a horizontal flat surface) that we designed to mimic a fundamental statistical-mechanical problem: a system with discrete energy levels in thermodynamic equilibrium with a thermal bath. Our model system is made of three polymer cylinders joined by flexible links, immersed in an ensemble of free-rolling spheres, and shaken continuously. The first surprising behavior of the chain was an approximate "discretization": though the links are continuously bendable, the chain was found most of the time in only three spatial conformations (extended, and folded in two different ways) to which we were able to assign distinct "energies". The second surprising behavior was thermodynamic-like statistical behavior: the probability of the chain being in one of the conformations was approximately described by a Boltzmann-like distribution.
Background

Physical-model simulations
Physical-model simulations can be used to study systems whose behavior is too complex to be modeled based on analytical calculations. Physical models are less common than numerical simulations, because numerical simulations, which benefit from the constant improvements in computational power and the sophistication of software, are often less expensive. There are nevertheless cases in which the phenomena under study are too complicated to rely exclusively on computational simulations. Physical models are still being built to study environmental phenomena such as soil erosion [6] [7] , atmospheric flows over rural terrains, 8 physiological systems and processes, [9] [10] and technological procedures in metallurgy [11] [12] and drilling. 13 We are interested in physical-model simulations for a different reason: we want to build models that can be perceived with our senses (sight, primarily) of phenomena that can only be observed with the aid of special tools, or for which direct component-level observations are not possible. We expect these physical models to guide our intuition about the phenomena that we simulate, and lead to discovery of new ones, because the human mind is specialized in interpreting information acquired by our senses.
As part of our previous explorations of self-assembly and of complexity, we have used ensembles of millimeter-sized objects to create several macroscopic models of molecular phenomena. The most ubiquitous phenomenon that we simulated was crystallization, which we could reproduce at the macroscopic scale using hard objects interacting by capillary 14 and electrostatic [15] [16] [17] [18] forces. The capillary and electrostatic interaction potentials between objects were not identical to intermolecular potentials, but we could build a system with a particle interaction potential close in shape to intermolecular potentials, by using soft deformable objects that interacted by capillary forces; we used this system to simulate indentation fractures in crystals. 19 We also simulated the dynamic behavior of polymers using mechanically-agitated macroscopic beads arranged on a string, and we observed bending and folding phenomena in systems in which the beads either interacted via electrostatic forces 20 or did not. 21
Granular matter as a physical model of molecular thermodynamic behavior
Granular matter is composed of distinct particles; if the particles move independently from each other, a state that we will refer to as dynamic, the primary mechanism of interaction between particles is through collisions. Dynamic granular ensembles seem analogous to molecular gases, and attempts have been made to understand the properties of granular matter using the formalism of equilibrium thermodynamics. 22 Parameters such as the granular temperature 23 have been used as surrogates for the thermodynamic temperature and proved useful in understanding the behavior of granular systems. The granular temperature T G is equal to the average of the fluctuations of the kinetic energies of the particles. The velocity of the overall motion (the coarse-grained velocity of particles, c v ) must be subtracted from the velocity of particles, v, as shown in eqn (1), where m G is the mass of the particles.
Granular matter in motion is a dissipative system, because collisions between particles are not elastic; external driving forces are required to maintain the movement of particles. The driving must be uniform, in the sense that all particles experience the same average driving force, to enable a thermodynamic distribution of the properties of particles; if the driving is not uniform, the granular temperature is highest near the driving source and decreases away from it. [24] [25] Though necessary, uniform driving is not sufficient to create a physical model of a thermodynamic system at equilibrium. In two-dimensional, vertically-vibrated submonolayer experiments, the distribution of velocities of granular particles is not the Gaussian curve characteristic of a Maxwell-Boltzmann distribution. [2] [3] Experimental systems in which macroscopic objects behave similarly to molecules under thermal agitation have been reported previously. [4] [5] The key to the success of these systems seems to be the randomization of the driving forces. In a first example, two layers of spheres, gravitationally-segregated because of their different densities, were agitated vertically by a bottom plate; 4 the two-dimensional velocities of particles from the top (but not the bottom) layer had a Gaussian distribution. In a second example, a granular mixture of spheres with two different sizes was sheared in a Couette cell (system thickness ~five monolayers, driven from both bounding surfaces); the diffusivity and the mobility of tracer particles embedded in this system followed a Stokes-Einstein-type relation which was used to calculate the granular temperature. 5
Experimental design
MecAgit: a horizontally-driven, two-dimensional granular system
Our experimental system ( Fig. 1(a) ) consists of a flat horizontal surface on which we shake millimeter-sized objects within a region bounded by vertical walls. Compared to other horizontally shaken granular systems, ours is distinguished by its pseudo-random agitation motion, 20 which is a combination of orbital shaking with randomly timed "kicks".
We prepared a circular mixing area with a diameter of 0.48 m using an aluminum rim, and we covered the area inside the rim with paper to generate an area with a constant friction coefficient on which the objects would roll, but not slide, when the plate was agitated. To avoid any possible electrical charging by contact electrification within the experimental setup, we maintained a relative humidity of more than 60% RH using a humidifier connected to the enclosed space above the plate. 15 In all experiments, we filled the mixing area with simple (spheres) and composite (cylinders connected by a string) polymeric objects, and shook them with a pseudo-random motion to simulate molecular phenomena. We will refer to this method of simulating molecular phenomena as "mechanical agitation", or MecAgit. 21 The characteristics of MecAgit models are their two-dimensionality, the millimeter-size of the objects, the pseudo-random agitation, the possibility to design composite objects such as beads-on-a-string, and the control of long-range electrical interactions between objects by using different values of the relative humidity to suppress or allow contact electrification.
Designing a physical model of a canonical ensemble
The canonical ensemble is one of the most useful statistic-mechanical concepts for predicting the thermal behavior of a system. The whole system is composed of a smaller system (therefore referred to as simply "system") that has a range of possible states whose energy is known, and a thermal bath in which the system is immersed. If the states of the system have discrete energies, the probability P i of the system being in a state with energy E i depends exponentially on the absolute temperature T, and the probabilities are given by the Boltzmann distribution (eqn (2)), in which k B is the Boltzmann constant, and the degeneracy g i is the number of distinct states having the same energy E i . The normalization factor is the partition function Z(T), given by eqn (3), where the sum is conducted over all possible energies of the system.
To simulate a canonical ensemble using MecAgit, we needed a "thermal bath" and a "system". The "thermal bath" was composed of free-rolling poly(methyl methacrylate) (PMMA) spheres with a diameter of 6.35 mm. We quantified the density of spheres in the system using the filling ratio (FR) parameter, defined as the ratio between the number of spheres in the system and the number of spheres required to fill completely the mixing area in a single layer with hexagonal packing.
The "system" (Fig. 1(b) ) was a chain composed of three Nylon cylinders ( The experiments consisted of measurements of the probability of conformations as a function of f and FR. We recorded images of the system with a photo camera every 30 seconds for up to 30 minutes of continuous agitation, and we determined the type of conformation for each photograph using automated image analysis.
Results
During agitation, the motion of the chain was caused by two driving forces: (i) friction with the agitating surface, and (ii) collisions with the PMMA spheres. Due to the design of our apparatus, the pseudo-random agitation engaged both the spheres and the chain, and was thus a uniform driving force. The mechanical driving of the chain was further randomized by collision with the spheres. The randomness of the overall driving of the chain and the dependence of conformation probabilities on the frequency of agitation suggested that the statistics of the conformations of the chain would be analogous to the statistics of an equilibrium thermal system.
To demonstrate that the statistics of our system was analogous to a Boltzmann distribution, we used this reasoning: (i) we assumed first that the statistics of the system was described by a Boltzmann distribution (eqn (2)), (ii) we calculated the parameters of the Boltzmann distribution, i.e. the "energies" of the three conformations of the chain, and the "temperature" of the chain, for each experiment, and (iii) we concluded that the statistical behavior of the system was analogous to that of a canonical ensemble, because we could fit with good accuracy the probabilities of configurations using a small number of "energy" and "temperature" parameters.
The "discretization" of the shape of the chain during agitation
We found that during agitation, the chain assumed the shape of one of the conformations C1, C2, or C3 in 93% of all photographs that we recorded. This "discretization" of shape to three distinct conformations during agitation was caused by the collisions with the spheres and by the particular relations between the sizes of the spheres, cylinders, and the mean free path of the spheres in our system. We can understand this phenomenon by considering a chain with two cylinders joined by a weakly elastic wire, colliding with an ensemble of spheres (with sizes comparable with those of cylinders) whose motion does not have a directional bias. If the angle between the two cylinders is 180° (i.e. an extended conformation), the two sides of a single cylinder are impacted (on average) at the same rate by spheres, and though the angle between cylinders might fluctuate, there is no net "sphere pressure" 26 to cause the folding of the chain. If, however, the angle between cylinders is less than 180° and the mean free path of spheres is larger than the length of the cylinder, the sides of a cylinder that face the inside of the angle are partially shielded from sphere collisions by the other cylinder; in this case, there is a net "sphere pressure" that tends to reduce the angle and to fold the chain.
Depending on the stiffness of the link, there is a critical angle between the cylinders at which the tension of the link is balanced by the imbalance in sphere pressure. If the angle is larger than the critical angle, the elasticity of the link opens the chain; if the angle is smaller, the "sphere pressure" folds the chain. The two-cylinder chain is therefore a bistable system, with two stable equilibrium positions at cylinder angles of 0° and 180°, and one unstable equilibrium position at the critical angle. Our three-cylinder chain has three stable conformations; under the effect of fluctuations in the rate of collisions with spheres, the three-cylinder chain will be, for the majority of time, in one of its three conformations. The shape of the chain is thus "discretized", in the approximate sense that only three conformations are observed.
The simple model we presented here to explain the predominance of C1, C2, and C3 conformations does not take into account biases in the motion of spheres, nor the fact that in our experiments, FR had values between 0.5 and 0.9, and the spheres therefore constituted a liquidlike rather than a gas-like system. We nevertheless believe that this model explains correctly the origin of "discretization" in our macroscopic system.
The dependence of the "energy levels" on the filling ratio
Because the links between cylinders are elastic, the folded conformations C2 and C3 have a higher potential energy than the open conformation C1. The mechanical elastic energy stored in once (C2) or twice (C3) folded links is not identical to the "energies" of conformations C2 and C3 that are the parameters of a Boltzmann-like distribution. An important characteristic of our system is that the statistic-mechanical "energies" associated with the three conformations of the chains depended on the filling fraction of the spheres. This dependence can be understood qualitatively using either of the two physical arguments below.
The mechanical energy needed to fold the chain when it is immersed in an ensemble of colliding spheres is less than the mechanical energy needed to fold the chain in the absence of collisions with spheres. When spheres are present, the chain needs to bend only as far as the critical angle for unstable equilibrium; past this point, the "sphere pressure" will complete the folding of the chain. At larger filling ratios, the surface density of spheres is larger, and thus the "sphere pressure" is larger; this fact brings the critical angle closer to 180° and reduces the energy needed for folding. As the filling ratio increases, the differences in "energy" between the three conformations are thus reduced, and, as we will show later, the "energies" of the three conformations can become approximately equal.
An alternate explanation of the dependence of folding energies on FR is based on the analogy between the three-cylinder chain and a polymer molecule. Flexible polymer molecules whose monomer units do not interact assume a coiled shape with an average end-to-end length that is smaller than the contour length of the polymer. 25 Coiling is a statistical phenomenon caused by thermal agitation (i.e., collisions with solvent molecules), and leads to measurable entropic forces that compress stretched polymers to the coiled conformation. [27] [28] In our system, sphere collisions tend to fold the three-cylinder chain, and the folding force is larger at higher filling ratios because the rate of collisions is larger. For the conditions of our experiments, these folding forces are "weaker" than the mechanical elasticity of the chain, and they reduce the effective stiffness of the chain, and thus the differences between the energies of the three conformations, by a degree that increases with the filling ratio. For orbital agitation frequencies above 160 rpm, the weight of the plate was not sufficient to maintain all four supporting cables extended, and the plate did not remain horizontal at all times.
The dependence of the conformation of the chain on FR and f
With the exception of the measurements at FR = 0.0 (no spheres), we chose the FR values to cover the widest range of filling fractions for which all three conformations were observed; for FR < 0.5, the chain either remained in the extended state, or the plate could not be leveled well enough to avoid movement of the chain towards the edge of the mixing area.
In the absence of spheres, the chain stayed extended (conformation C1) at all times, and P 1 = 1 and P 2 , P 3 = 0. From FR = 0.5 to FR = 0.8, as f was increased, conformation C1 (the lowest energy) became less probable, and conformation C3 (the highest energy) became more probable. A special case was encountered for a filling fraction of 0.9: within experimental uncertainty, the probabilities did not depend on f and P 1 < P 2 < P 3 .
Fig. 2
Probabilities, P i , of the chain being in one of the conformations Ci (see Fig. 1(b) ) as a function of the filling fraction FR and of the frequency of orbital shaker f. For filling fractions between 0.5 and 0.8, as f increases, the probability if the lowest-energy state C1 decreases, and that of the highest-energy state C3 increases, suggesting that f is related to the granular temperature of the system. The values of f were identical for all conformations; for clarity, data for C1 and C3 were shifted slightly along the x-axis. The error bars are the expected statistical errors, assuming a Poissonian distribution of the number of times, n i , in which conformation was observed during an experiment (relative error: (n i +1) -1/2 ); n i varied between 0 and 35 among all measurements.
Calculation of the degeneracy of chain conformations
Thermodynamic method. We calculated the degeneracy values of the three conformations based on the number of folded shapes that cannot be transformed into each other by two-dimensional rotations and translations. A transition between two folded shapes of the same conformation can only happen if the chain assumes a different conformation during the transition. Fig. S1 in the ESI † shows all possible folded shapes: one for C1, two for C2, and four for C3. Identifying the number of folded shapes with the degeneracy values, we obtained g 1 : g 2 : g 3 = 1 : 2 : 4.
Empirical method. The assumption that allows the calculation of degeneracies based on symmetry arguments is that the system is composed of a large number of particles, and that it is at thermodynamic equilibrium. Our whole system has a relatively small numbers of particles and it is not in thermodynamic equilibrium. An alternative calculation of degeneracies is to evaluate them empirically using the property of the Boltzmann distribution (eqn (2)) that, if the energies of conformations are identical, the probabilities of conformations are independent of temperature and proportional to their degeneracies.
To identify the experimental conditions for which the three chain conformations had the same "energy", we assumed that the "temperature" of the system is a function of the orbital agitation frequency f, because the kinetic energies of the objects increased as f increased. At FR = 0.9, the probabilities were approximately independent of f and thus independent of the "temperature". Assuming that for FR = 0.9 the "energies" of configurations had the same value, we scaled the average probability of conformations to get the empirical degeneracy values g 1 : g 2 : g 3 = 1 : 9.5 : 60.5.
The "optimal" degeneracy values. The quality of the fit between the Boltzmann-like model and experimental results depended on the degeneracy values we used. Using the empirical degeneracy numbers led to a much better agreement with the Boltzmann-like model than the thermodynamic degeneracy numbers. We also attempted to determine an optimal set of degeneracy numbers through numerical fitting, but we could not find one, because the fitting error function did not have a minimum at physically reasonable degeneracy numbers. We will report here only the Boltzmann-like parameters obtained using empirical degeneracies.
Modeling the statistics of chain conformations with a Boltzmann distribution
The dependence of the probabilities of conformations on f for filling ratios from 0.5 to 0.8 (Fig.   2 ) is similar to the dependence of the populations of a system with three energy levels on temperature. This similarity suggested that the probability of C1, C2 and C3 conformations might be described mathematically by a Boltzmann distribution (eqn (2)) in which the energies E i and the temperature T are functions of the experimental parameters f and FR.
Mathematical fitting of the probabilities of configurations could lead to macroscopic parameters for E i and T that are complicated functions of f and FR, but intuitively, the "temperature" should be related to the frequency of agitation, and the "energy levels" on the rate of the impacts of spheres on the chain, which is in turn related to the density of spheres, quantified by the filling ratio. With the assumption that the "temperature" depends on f but not on FR, and the "energies" depend on FR but not on f, the Boltzmann-like equation for probabilities of conformations becomes:
In eqn (4) we defined the "MecAgit temperature" T MA , and the "MecAgit energies" E i,MA , which are measured in the same energy units (e.g. Joules). This definition is equivalent to choosing the "Boltzmann-like constant" k B, MA = 1 in the Boltzmann-like equation; therefore, eqn (4) does not contain a "Boltzmann-like constant".
The fitting of measured probabilities to eqn (4) is difficult because of its nonlinearity.
Instead, in order to determine E i,MA (FR) and T MA (f), we first linearized eqn (4) by eliminating the partition function Z(f, FR). Eqn (5) shows that the ratio of populations of two conformations does not depend on Z:
Because only the differences between energy levels are relevant in our analysis, we adopted the convention that E 1,MA = 0. With this convention, we used eqn (6) to calculate the values of E 2,MA /T MA and E 3,MA /T MA from the conformation probabilities P i (see Fig. S2 in the ESI †). Using these values, we calculated T MA as a function of f by averaging the data from experiments performed at different FR values, using eqn (7) . 
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In eqn (7) , n j,FR is the number of non-zero P 2 and P 3 probabilities measured at the same f but different FR values (n j,FR = 7 or 8 depending on P 3 ; we did not use experiments for which P 3 = 0 because they made E 3,MA /T MA infinite). We defined the units of temperature such that T MA = 1 at f = 120 rpm. 29 Fig. 3(a) shows the dependence of T MA values as a function of agitation frequency, which could be fitted with good accuracy to a power-law dependence: T MA = 6.3×10 -We calculated the energies E 2,MA and E 3,MA of the C2 and C3 conformations according to eqn (8) , where n f is the number of non-zero probability measurements carried at a given frequency f (n f = 3 or 4). The dependence of the energy levels on FR, shown in Fig. 3(b) , was approximately linear, and the linear dependence extrapolated to zero at FR = 0.95 ± 0.03, in approximate agreement with our earlier assumption that the energy levels were degenerate at FR = 0.9. To verify the validity of our analogy between our system and a canonical ensemble, we calculated the probabilities of conformations using the Boltzmann-like distribution (eqn (4)) with the fitted functions shown in Fig. 3 (power-law in f for T MA , and linear in FR for E j,MA ), and compared them with experimental measurements. Fig. 4 shows that the Boltzmann-like statistics provided a good description of the behavior of the system; 38 of the 48 calculated probabilities fell within one standard deviation of measured probabilities, and 47 of 48 fell within two standard deviations. Overall, the Boltzmann-like statistics were most accurate at FR ≥ 0.6 and f ≥ 120 rpm; experiments at FR = 0.5 were close to the regime in which the chain stayed always extended, and experiments at f = 100 rpm were close to the regime in which all spheres moved together.
Discussion
Among the macroscopic parameters in the Boltzmann-like model, the MecAgit temperature has the clearest relation to the microscopic temperature, qualitatively and quantitatively. The powerlaw proportionality between T MA and f 2.5 reflects the concept that the temperature is a measure of kinetic energy, because the velocity of the shaking table is proportional to f. The significance of the energy levels E i,MA and of the degeneracy numbers g i are also qualitatively clear: the energy levels arise due the mechanical bistability of the conformation of adjacent links in the chain (i.e., either folded or extended) under random collisions with the spheres, and the degeneracy numbers reflect the fact that there are more possible paths to the folding of a given configuration than to its unfolding.
Fig. 4
Comparison between experimental measurements and the predictions of the Boltzmannlike statistics with experimentally determined "energies" and "temperatures", for frequency ratios 0.5 ≤ FR ≤ 0.8. The symbols connected by thin dashed lines are the experimental measurements (also shown in Fig. 2) , and the thick solid lines the predictions of the Boltzmannlike statistics. For clarity, the data sets for the C1 and C3 conformations have been shifted horizontally, slightly, from the measurement values, which are shown on the x-axis.
The MecAgit energy levels E j,MA in our system are different from those of atomic systems because they depend strongly on FR, while the electronic levels of atoms, molecules, and crystals depend only weakly on pressure at ambient conditions; relative changes in the electronic energy levels comparable to those observed in our MecAgit system are possible, but they require pressures thousands of times larger than atmospheric pressure. 30
The Boltzmann-like statistics provided a significantly better fit with the measurements when they included the empirical degeneracy values. For comparison, Fig. S3 in the ESI † shows the predictions of the Boltzmann model based on thermodynamic degeneracies, in the same format used in Fig. 4 for the case of empirical degeneracies. We could not find a way to calculate a set of degeneracy values that would agree with the empirical degeneracies, but we believe that such a calculation would be dependent on the details of the system. The relative size of the chain and the spheres or the surface density of spheres might suppress some of the folding or unfolding mechanisms, which are analogous to the "reaction paths" 31 in the transitions between reagents and products in a chemical reaction.
Conclusion
We have developed a new granular system, composed by a chain surrounded by free spheres in a two-dimensional configuration, which exhibited a phenomenon analogous to a microscopic system with discrete energy levels: the distribution of the probabilities of the different configurations of the system was mathematically analogous to a Boltzmann distribution. Our system exhibited a behavior characteristic to non-dissipative systems, although it was dissipative due to mechanical friction and inelastic collisions. We believe that the unusual thermodynamicanalogous behavior in our driven granular system is due to the uniform driving of all objects by the shaking surface, and due to the randomization of the motion of the chain. Randomization of the motion of the chain in our system was achieved by a combination of the aperiodic movement of the shaking surface with collisions between the chain and independently-moving spheres.
The system presented here is a first attempt to create a granular system which is analogous to a thermodynamic system with discrete energy levels, and it provides a new parameter for the "temperature" of a granular system-the MecAgit temperature T MA . A comparison between T MA and the granular temperature T G characteristic to the spheres would be useful in determining the applicability and advantages of using T MA and T G as surrogates for the thermodynamic temperature; for this study we could not measure the sphere velocities which are required to calculate T G , because we recorded only static images of the system.
The system and the results reported here are part of a larger program in which we aim to physically model microscopic phenomena at the macroscopic scale. One of the goals of this program is to build systems that enhance our intuition of microscopic phenomena, but such systems could be useful outside the lab as well. The MecAgit system is simple and inexpensive enough for implementation in classroom teaching, where physical models have been shown to engage students and increase their level of understanding. [32] [33] 
